
Equilibrium Non-existence in a M odel of
R epresentative D emocracy

Jo h n D u g g a n
D e p a r t m e n t o f P o lit ic a l S c ie n c e
a n d D e p a r t m e n t o f E c o n o m ic s

U n ive r s it y o f R o c h e s t e r
R o c h e s t e r , N Y 1 4 6 2 7

A r a n t xa Ja r qu e -L la m a z a r e s
D e p a r t m e n t o f E c o n o m ic s
U n ive r s it y o f R o c h e s t e r
R o c h e s t e r , N Y 1 4 6 2 7

Ma r c h 3 0 , 2 0 0 1



Abstract

It is well-known that equilibrium existence problems in multidi-
mensional models of two-candidate elections can be solved if voters
have preferences for non-policy characteristics of candidates, an ap-
proach often termed \probabilistic voting." We show that, if a contin-
uum of voters are partitioned into a ¯nite number of districts, then all
equilibria of the electoral game correspond to undominated (or \core")
points of the associated weighted majority voting game among the dis-
tricts. Results from social choice theory can then be applied, with the
conclusion that electoral equilibria will typically fail to exist in higher
dimensional policy spaces. In the context of the distributive model
of politics, equilibria will typically fail to exist when the number of
interest groups is high.



1 I ntr oduction

Th e wid e ly u s e d b e n c h m a r k fo r t h e a n a lys is o f t wo -c a n d id a t e e le c t io n s is

t h e m o d e l o f D o wn s ( 1 9 5 7 ) , in wh ic h c a n d id a t e s s im u lt a n e o u s ly c o m m it t o

p o lic y p la t fo r m s o n t h e r e a l lin e , e a c h vo t e r vo t e s fo r t h e p r e fe r r e d o f t h e

t wo c a n d id a t e s , a n d t h e c a n d id a t e wit h t h e m a jo r it y o f vo t e s is e le c t e d a n d

im p le m e n t s h is / h e r p la t fo r m . Th e m e d ia n vo t e r t h e o r e m s t a t e s t h a t , if c a n -

d id a t e s a r e o ± c e -m o t iva t e d a n d vo t e r p r e fe r e n c e s a r e s in g le -p e a ke d , t h e n t h e

u n iqu e N a s h e qu ilib r iu m o f t h e e le c t o r a l g a m e is fo r b o t h c a n d id a t e s t o lo -

c a t e a t t h e m e d ia n o f t h e vo t e r id e a l p o in t s . Th e p r o p e r t y o f t h e m e d ia n

d r ivin g t h is r e s u lt is , o f c o u r s e , t h e fa c t t h a t it is u n b e a t e n a g a in s t a n y o t h e r

p o lic y in p a ir wis e m a jo r it y vo t in g . In m u lt id im e n s io n s a l p o lic y s p a c e s , s u c h

p o in t s a r e c a lle d \ c o r e p o in t s " a n d t yp ic a lly fa il t o e xis t ( c f. P lo t t , 1 9 6 7 ;

R u b in s t e in , 1 9 7 9 ; S c h o ¯ e ld , 1 9 8 3 ; Co x, 1 9 8 4 ; L e B r e t o n , 1 9 8 7 ; B a n ks , 1 9 9 5 ) .

A s a c o n s e qu e n c e , e le c t o r a l e qu ilib r ia t yp ic a lly fa il t o e xis t a s we ll.

On e a p p r o a c h t o n o n -e xis t e n c e o f e qu ilib r ia , p u r s u e d b y H in ic h ( 1 9 7 7 ,

1 9 7 8 ) , Co u g h lin a n d N it z a n ( 1 9 8 1 ) , W it t m a n ( 1 9 8 3 ) , Ca lve r t ( 1 9 8 5 ) , a n d

L in d b e c k a n d W e ib u ll ( 1 9 8 7 , 1 9 9 3 ) , a m o n g o t h e r s , is t o a s s u m e vo t in g is

\ p r o b a b ilis t ic ." In o n e s u c h m o d e l, a vo t e r c o n s id e r s t h e p la t fo r m s o f t h e

t wo c a n d id a t e s a n d vo t e s fo r o n e a s a n in c r e a s in g fu n c t io n o f t h e u t ilit y d i®e r -

e n t ia l o ®e r e d b y t h a t c a n d id a t e . A c o m m o n in t e r p r e t a t io n is t h a t vo t e r s h a ve

p r e fe r e n c e s fo r n o n -p o lic y c h a r a c t e r is t ic s o f t h e c a n d id a t e s , o r fo r u n m o d e le d

p o lic y d im e n s io n s a lo n g wh ic h t h e c a n d id a t e s a r e vie we d a s ¯ xe d , t h a t a r e

u n o b s e r ve d a n d wh ic h in t r o d u c e u n c e r t a in t y a b o u t vo t in g b e h a vio r . If t h e

e le c t o r a t e is la r g e a n d m o d e le d a s a c o n t in u u m , t h e n , b e c a u s e a g g r e g a t e u n -

c e r t a in t y \ in t e g r a t e s o u t ," t h e p r o b a b ilit y t h a t o n e t yp e o f vo t e r will vo t e fo r

a c a n d id a t e c a n b e in t e r p r e t e d a s t h e p r o p o r t io n o f s u c h vo t e r s , a n d t h e a s -

s u m p t io n o f in c o m p le t e in fo r m a t io n b e c o m e s u n n e c e s s a r y. Fu r t h e r m o r e , t h is

a llo ws u s t o r e p la c e t h e u s u a l a s s u m p t io n t h a t c a n d id a t e s a r e e xp e c t e d p lu -

r a lit y m a xim iz e r s wit h t h e m o r e in t u it ive o b je c t ive o f m a xim iz in g p r o b a b ilit y

o f win n in g .

It is kn o wn t h a t , u n d e r a p p r o p r ia t e c o n c a vit y c o n d it io n s , t h e r e e xis t p u r e

s t r a t e g y e qu ilib r ia in t h e e le c t o r a l g a m e wit h p r o b a b ilis t ic vo t in g . Fu r t h e r -

m o r e , wh e n p r o b a b ilit ie s d e p e n d o n u t ilit y d i®e r e n c e s , H in ic h ( 1 9 7 7 , 1 9 7 8 )
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a n d L in d b e c k a n d W e ib u ll ( 1 9 8 7 , 1 9 9 3 ) h a ve g ive n c h a r a c t e r iz a t io n s o f e qu i-

lib r iu m p la t fo r m s in t e r m s o f a \ u t ilit a r ia n " we lfa r e fu n c t io n : H in ic h ( 1 9 7 8 )

d o e s s o in t h e m u lt id im e n s io n a l s p a t ia l m o d e l o f p o lit ic s wit h qu a d r a t ic u t il-

it y fu n c t io n s , a n d L in d b e c k a n d W e ib u ll ( 1 9 8 7 , 1 9 9 3 ) d o s o in t h e d is t r ib u t ive

m o d e l o f p o lit ic s . B a n ks a n d D u g g a n ( 2 0 0 0 ) e xt e n d t h o s e c h a r a c t e r iz a t io n s

t o t h e m u lt id im e n s io n a l s p a t ia l m o d e l wit h g e n e r a l vo t e r u t ilit y fu n c t io n s .

S e c t io n 2 c o n t a in s a d is c u s s io n o f t h e c o n d it io n s o n p r im it ive s s u ± c ie n t fo r

c o n c a vit y o f t h e c a n d id a t e s ' p a yo ® fu n c t io n s . W h e n t h e y a r e s a t is ¯ e d , t h e

r e s u lt s o f t h is lit e r a t u r e t h e r e fo r e g ive u s a s o lu t io n t o t h e p r o b le m o f e qu i-

lib r iu m e xis t e n c e in m u lt id im e n s io n a l m o d e ls o f m a jo r it y-r u le e le c t io n s .

In t h is p a p e r , we e xp lo r e a p r o b a b ilis t ic vo t in g m o d e l in wh ic h a c o n t in -

u u m o f vo t e r s a r e p a r t it io n e d in t o a ¯ n it e n u m b e r o f d is t r ic t s , wit h p e r h a p s

u n e qu a l we ig h t s , a n d t h e win n e r is t h e c a n d id a t e wh o win s a we ig h t e d m a -

jo r it y o f d is t r ic t s . A ft e r a s s o c ia t in g e a c h d is t r ic t wit h a p a r t ic u la r \ we lfa r e "

fu n c t io n , we s h o w t h a t , a t e ve r y s ym m e t r ic e qu ilib r iu m o f t h e e le c t o r a l g a m e ,

t h e g r a d ie n t s o f t h e s e we lfa r e fu n c t io n s m u s t s a t is fy a s t r o n g s ym m e t r y c o n d i-

t io n ; in t h e t e r m in o lo g y d e ¯ n e d b e lo w, e ve r y s ym m e t r ic e qu ilib r iu m p la t fo r m

m u s t b e a \ lo c a l m e d ia n in a ll d ir e c t io n s " fo r t h e we ig h t e d m a jo r it y vo t in g

g a m e a m o n g t h e d is t r ic t s . In h ig h e r d im e n s io n s , a s in t h e d is t r ib u t ive p o lit ic s

m o d e l wit h a la r g e n u m b e r o f in t e r e s t g r o u p s , t h is c o n d it io n will t yp ic a lly

n o t b e m e t b y a n y p o lic ie s . A n d wh e n it is m e t , it will b e vu ln e r a b le t o

s m a ll c h a n g e s in vo t e r u t ilit y fu n c t io n s , in p r o b a b ilit y-o f-vo t e fu n c t io n s , a n d

in t h e d is t r ib u t io n o f vo t e r s a c r o s s d is t r ic t s . In lo we r d im e n s io n a l s e t t in g s ,

t h e c o n d it io n m a y b e r o b u s t t o s u c h p e r t u r b a t io n s , if t h e r e is o n e d is t r ic t

wit h s t r ic t ly g r e a t e r we ig h t t h a n a ll o t h e r s . In t h a t c a s e , t h e o n ly r o b u s t

s ym m e t r ic e qu ilib r ia a r e c r it ic a l p o in t s o f t h a t d is t r ic t 's we lfa r e fu n c t io n .1

If t h e d is t r ic t s a r e o d d in n u m b e r a n d e qu a lly we ig h t e d , t h e n t h e n e c e s s a r y

c o n d it io n o n d is t r ic t g r a d ie n t s r e d u c e s t o P lo t t 's ( 1 9 6 7 ) r e s t r ic t ive s ym m e t r y

c o n d it io n fo r m a jo r it y c o r e p o in t s .

W e c a n s a y m o r e if we im p o s e s t a n d a r d c o n c a vit y c o n d it io n s o n vo t e r u t il-

it y fu n c t io n s . Fir s t , e ve r y s ym m e t r ic e qu ilib r iu m is a c t u a lly in t h e c o r e o f t h e

vo t in g g a m e a m o n g t h e d is t r ic t s . S e c o n d , t h e r e a r e no a s ym m e t r ic e qu ilib r ia ,

1For the case of one district with concave voter utility functions, this yields the usual
equilibrium characterization in terms of a utilitarian welfare optimum.
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s o t h e la t t e r c la im a p p lie s t o a ll e qu ilib r ia o f t h e e le c t o r a l g a m e . Th ir d , if we

a d d a p p r o p r ia t e c o n c a vit y c o n d it io n s t o p r o b a b ilit y-o f-vo t e fu n c t io n s , e ve r y

p o lic y in t h e c o r e o f t h e d is t r ic t vo t in g g a m e fo r m s a s ym m e t r ic e qu ilib r iu m .

Th u s , wh ile t h e c o r e is o ft e n e m p t y in h ig h e r d im e n s io n s , t h is g ive s u s a n

e xa c t c h a r a c t e r iz a t io n o f e qu ilib r ia in o n e d im e n s io n : t h e u n iqu e e qu ilib r iu m

o f t h e e le c t o r a l g a m e h a s b o t h c a n d id a t e s a d o p t in g t h e \ we ig h t e d m e d ia n " o f

t h e vo t in g g a m e a m o n g t h e d is t r ic t s , d e ¯ n e d wit h r e s p e c t t o t h e d is t r ic t id e a l

p o in t s . If vo t e r u t ilit ie s a r e qu a d r a t ic , t h e n a d is t r ic t 's id e a l p o in t is ju s t t h e

m e a n id e a l p o in t o f it s c o n s t it u e n t s . S o if d is t r ic t s a r e e qu a lly we ig h t e d , t h e

u n iqu e e qu ilib r iu m h a s b o t h c a n d id a t e s a t t h e m e d ia n o f t h e d is t r ic t m e a n s .

W e c o n c lu d e t h a t , wh ile p r o b a b ilis t ic vo t in g m a y o ®e r e xis t e n c e o f e qu i-

lib r ia in e le c t o r a l c o m p e t it io n wit h in a s in g le d is t r ic t , it d o e s n o t yie ld a s a t -

is fa c t o r y s o lu t io n t o t h e e xis t e n c e p r o b le m m o r e g e n e r a lly. Ot h e r a p p r o a c h e s

t o e qu ilib r iu m e xis t e n c e in m u lt ip le d im e n s io n s h a ve b e e n e xp lo r e d a s we ll.

D u g g a n a n d Fe y ( 2 0 0 0 ) s u p p o s e t h a t c a n d id a t e s a r e p o lic y-m o t iva t e d , m a k-

in g p r o ¯ t a b le d e via t io n s fo r t h e c a n d id a t e s m o r e d i± c u lt : t o p r o ¯ t fr o m a

d e via t io n , a c a n d id a t e m u s t n o t o n ly win , b u t m u s t win wit h a p r e fe r a b le

p la t fo r m . W h ile t h e r e s u lt s fo r t wo d im e n s io n s a r e s o m e wh a t e n c o u r a g in g ,

h o we ve r , t h a t p a p e r ¯ n d s t h a t , in t h r e e o r m o r e d im e n s io n s , we a r e b a c k t o

g e n e r ic n o n -e xis t e n c e o f e qu ilib r ia . D u g g a n a n d Fe y ( 2 0 0 1 ) c o n s id e r a n in -

¯ n it e ly r e p e a t e d ve r s io n o f t h e b a s ic D o wn s ia n m o d e l, o b t a in in g e qu ilib r iu m

e xis t e n c e wh e n t h e d is c o u n t fa c t o r s o f vo t e r s a r e g r e a t e r t h a n o n e h a lf. In

t h a t c a s e , h o we ve r , every p a t h o f p o lic ie s o ve r t im e c a n b e s u p p o r t e d b y a

s u b g a m e p e r fe c t e qu ilib r iu m o f t h e r e p e a t e d g a m e . A fe a t u r e c o m m o n t o

t h e m o d e l o f t h is p a p e r a n d t o t h e s e o t h e r m o d e ls is t h e a s s u m p t io n t h a t

c a n d id a t e s c a n c o m m it t o p o lic ie s p r io r t o t h e e le c t io n . Th a t s im p li¯ c a t io n

is u s e fu l in o n e d im e n s io n , o f c o u r s e , b u t a p p e a r s qu it e c o s t ly in m u lt ip le

d im e n s io n s .

Th e p a p e r is o r g a n iz e d a s fo llo ws . In S e c t io n 2 , we p r e s e n t t h e m o d e l. In

S e c t io n 3 , we g ive o u r r e s u lt s . A n d in S e c t io n 4 , we d is c u s s t h e e xt e n s io n o f

o u r r e s u lt s t o a m o d e l o f p r o b a b ilis t ic vo t in g b a s e d o n u t ilit y r a t io s r a t h e r

t h a n u t ilit y d i®e r e n c e s , a s a b o ve .
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2 T he M odel

W e m o d e l a n e le c t io n wit h t wo c a n d id a t e s , A a n d B, wh o s im u lt a n e o u s ly

c h o o s e p o lic y p la t fo r m s , xA a n d xB, b e fo r e a n e le c t io n . L e t C 2 fA; Bg
d e n o t e a n a r b it r a r y c a n d id a t e . Th e p o lic y s p a c e , X, is a c o n ve x s u b s e t o f

Rm. V o t e r s a r e p a r t it io n e d in t o a ¯ n it e n u m b e r n ¸ 1 o f d is t r ic t s , wh e r e

D d e n o t e s t h e s e t o f d is t r ic t s , a n d a r e d e s c r ib e d b y a m e a s u r a b le s p a c e

T o f t yp e s . E a c h t yp e t o f vo t e r h a s p o lic y p r e fe r e n c e s r e p r e s e n t e d b y a

d i®e r e n t ia b le u t ilit y fu n c t io n ut : X ! R, wh e r e ut ( x ) is m e a s u r a b le in t fo r

e a c h x. Th e d is t r ib u t io n o f t yp e s in d is t r ic t d is g ive n b y t h e p r o b a b ilit y

m e a s u r e ¹d, wh ic h is a s s u m e d t o b e n o n -a t o m ic . Th u s , we c o n s id e r a la r g e

p o p u la t io n o f vo t e r s p a r t it io n e d in t o a r e la t ive ly s m a ll ( ¯ n it e ) n u m b e r o f

d is t r ic t s . B e c a u s e t h e d is t r ib u t io n o f t yp e s is a llo we d t o va r y a r b it r a r ily

a c r o s s d is t r ic t s , we a llo w fo r t h e p o s s ib ilit y t h a t s o m e t yp e s o f vo t e r s a r e

p r e s e n t in s o m e d is t r ic t s b u t n o t in o t h e r s .

A s a s p e c ia l c a s e o f t h is e n vir o n m e n t , we o b t a in t h e o n e -d im e n s io n a l

s p a t ia l m o d e l o f p o lit ic s b y s e t t in g m = 1 a n d e a c h ut s in g le -p e a ke d . Th e

m u lt id im e n s io n a l s p a t ia l m o d e l is o b t a in e d b y s e t t in g m ¸ 2 a n d m a kin g e a c h

ut qu a s i-c o n c a ve wit h a u n iqu e \ id e a l p o in t ," o r u t ilit y-m a xim iz in g p o lic y.

W e a llo w fo r t h e d is t r ib u t ive m o d e l o f p o lit ic s b y p a r t it io n in g t h e vo t e r s in t o

a ¯ n it e s e t o f in t e r e s t g r o u p s , G1;G2; : : : ; Gk, a n d s e t t in g X e qu a l t o t h e

u n it s im p le x in Rk. B e c a u s e o u r r e s u lt s c o n c e r n in t e r io r p o lic ie s , h o we ve r ,

we r e fo r m u la t e t h e d is t r ib u t ive p o lit ic s m o d e l s o t h a t t h e s e t o f p o lic ie s is

X =

(
( x1; x2; : : : ; xk¡1 ) j e a c h xj ¸ 0 a n d

k¡1X

j=1

xj · 1

)
:

H e r e , xj is t h e a m o u n t o f r e s o u r c e a llo c a t e d t o g r o u p Gj fo r j < k, a n d g r o u p

Gk is im p lic it ly a llo c a t e d 1 ¡Pk¡1
j=1 xj. L e t t in g j ( t ) in d e x t h e g r o u p t o wh ic h

t yp e t vo t e r s b e lo n g , j ( ¢ ) b e in g a m e a s u r a b le fu n c t io n , we s p e c ify

ut ( x ) = vt ( xj(t) )

fo r j ( t ) < k, wh e r e vt : [0 ; 1 ] ! R is a s t r ic t ly in c r e a s in g fu n c t io n , a n d

ut ( x ) = vt ( 1 ¡
k¡1X

j=1

xj )
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fo r j ( t) = k. H e r e , in t e r e s t g r o u p s m a y c u t a c r o s s d is t r ic t s a r b it r a r ily. W e

r e qu ir e a ll vo t e r s o f t h e s a m e t yp e t o b e lo n g t o t h e s a m e in t e r e s t g r o u p in

t h is fo r m u la t io n , b u t t h a t r e qu ir e m e n t is wit h o u t lo s s o f g e n e r a lit y, b e c a u s e

we a llo w vt = vt0 fo r d i®e r e n t t yp e s o f vo t e r s .

Ma n y o f o u r r e s u lt s u s e t h e a s s u m p t io n t h a t e a c h ut is c o n c a ve , wh ic h is

s a t is ¯ e d in t h e u s u a l fo r m u la t io n s o f t h e s e m o d e ls . Fo r o n e r e s u lt , h o we ve r ,

we a s s u m e t h e c o n d it io n o f aggregate strict concavity, wh ic h is t h e r e qu ir e -

m e n t t h a t
R

ut d¹d is s t r ic t ly c o n c a ve fo r e a c h d is t r ic t . Th is is we a ke r t h a n

d ir e c t ly a s s u m in g e a c h ut is s t r ic t ly c o n c a ve , a c o n d it io n t yp ic a lly s a t is ¯ e d

in t h e s p a t ia l m o d e l b u t not in t h e d is t r ib u t ive m o d e l: t h e r e , we will a lwa ys

h a ve ut ( ®x+( 1 ¡® ) y ) c o n s t a n t in ® if xj(t) = yj(t). A g g r e g a t e s t r ic t c o n c a vit y

is s a t is ¯ e d in t h e d is t r ib u t ive m o d e l if e a c h vt is s t r ic t ly c o n c a ve a n d in t e r e s t

g r o u p s a r e dispersed, i.e .,

¹d ( ft 2 T j j ( t) = jg) > 0

fo r a ll d is t r ic t s d a n d g r o u p s j. In wo r d s , t h is m e a n s t h a t a ll in t e r e s t g r o u p s

a r e r e p r e s e n t e d in a ll d is t r ic t s . A g g r e g a t e s t r ic t c o n c a vit y is a ls o s a t is ¯ e d in

e xc h a n g e e c o n o m ie s u n d e r s im ila r c o n d it io n s .

W e a s s u m e t h a t vo t in g is p r o b a b ilis t ic , a n d t h a t t h e p r o b a b ilit y t h e t yp e

t vo t e r s vo t e fo r a c a n d id a t e d e p e n d s o n t h e d i®e r e n c e in u t ilit ie s o ®e r e d b y

t h e c a n d id a t e s ' p la t fo r m s . S p e c i¯ c a lly, we a s s u m e t h a t , fo r e a c h t 2 T , t h e r e

e xis t s a fu n c t io n PA
t : R! R s u c h t h a t t h e p r o b a b ilit y t h e t yp e t vo t e r s vo t e

fo r A is

PA
t ( ut ( xA ) ¡ ut ( xB ) ) ;

a n d we a s s u m e t h e t yp e t vo t e r s vo t e fo r B wit h p r o b a b ilit y PB
t = 1 ¡ PA

t .

B e c a u s e we p o s it a c o n t in u u m o f t yp e s in e a c h d is t r ic t , we m a y a ls o vie w

PC
t a s t h e proportion o f t yp e t vo t e r s wh o vo t e fo r c a n d id a t e C. W e a s s u m e

t h a t e a c h PC
t is d i®e r e n t ia b le , t h a t e a c h PA

t is n o n -d e c r e a s in g , t h a t e a c h

PB
t is n o n -in c r e a s in g , a n d t h a t e a c h P C

t ( 0 ) = 1 =2 , s o t h a t t h e vo t e r s t r e a t

t h e c a n d id a t e s s ym m e t r ic a lly wh e n in d i®e r e n t . W e u s e DPC
t t o r e p r e s e n t

t h e d e r iva t ive o f P C
t . Th is m o d e l is r e fe r r e d t o a s t h e \ u t ilit y d i®e r e n c e "

m o d e l in B a n ks a n d D u g g a n ( 2 0 0 0 ) a n d wa s in t r o d u c e d b y H in ic h ( 1 9 7 7 )

a n d L in d b e c k a n d W e ib u ll ( 1 9 8 7 , 1 9 9 3 ) .

5



Th is m o d e l o f p r o b a b ilis t ic vo t in g is o ft e n in t e r p r e t e d in t e r m s o f vo t e r

p r e fe r e n c e s fo r n o n -p o lic y c h a r a c t e r is t ic s o f t h e c a n d id a t e s , a s fo llo ws . S u p -

p o s e e a c h t yp e t vo t e r d e r ive s u t ilit y fr o m t h e p o lic y im p le m e n t e d b y a c a n -

d id a t e a n d s o m e u t ilit y ®t fr o m c a n d id a t e A, d u e t o p e r s o n a l a t t r ib u t e s ,

u n m o d e le d p o lic y d im e n s io n s a lo n g wh ic h A's p o s it io n is ¯ xe d , e t c ., a n d le t

¯t b e t h e u t ilit y fr o m c a n d id a t e B. A s s u m in g vo t e r s a r e s in c e r e , t h e t yp e t

vo t e r s vo t e fo r A if

ut ( xA ) + ®t > ut ( xB ) + ¯t

a n d fo r B if t h e in e qu a lit y is r e ve r s e d . S in c e ¯t m a y b e p o s it ive o r n e g a t ive ,

we c a n e qu iva le n t ly s e t ®t = 0 a n d le t t h e t yp e t vo t e r s vo t e fo r A if

¯t < ut ( xA ) ¡ ut ( xB ) :

H e r e , we m a y r e fe r t o ¯t a s a \ b ia s " in fa vo r o f c a n d id a t e B. A s s u m e t h e

c a n d id a t e s kn o w t h e p o lic y u t ilit y fu n c t io n s o f t h e vo t e r s b u t n o t t h e b ia s

¯t fo r a n y t yp e , wh ic h is m o d e le d a s a r a n d o m va r ia b le wit h d is t r ib u t io n Ft

fr o m t h e ir p o in t o f vie w. A s s u m in g Ft is c o n t in u o u s , t h e p r o b a b ilit y A g e t s

t h e vo t e s o f t yp e t vo t e r s is

Ft ( ut ( xA ) ¡ ut ( xB ) ) :

If Ft is d i®e r e n t ia b le a n d Ft ( 0 ) = 1 = 2 , t h e n t h is m o d e l, c a lle d t h e \ a d d i-

t ive b ia s " m o d e l in B a n ks a n d D u g g a n ( 2 0 0 0 ) , is e qu iva le n t t o t h e u t ilit y

d i®e r e n c e m o d e l wit h PA
t = Ft.

E a c h d is t r ic t d is g ive n a n o n -n e g a t ive we ig h t !d, n o r m a liz e d s o t h a tP
D !d = 1 . W e a s s u m e t h e s e we ig h t s a r e strong, m e a n in g t h a t t h e d is t r ic t s

c a n n o t b e p a r t it io n e d in t o t wo d is jo in t c o lle c t io n s wit h e qu a l we ig h t : t h e r e

d o n o t e xis t D0 a n d D00 s u c h t h a t D0 \D00 = ;, D = D0 [D00, a n d
P

D0 !d =P
D00 !d. W h e n d is t r ic t s h a ve e qu a l we ig h t , t h is r e d u c e s t o t h e a s s u m p t io n

t h a t n is o d d . B e c a u s e ¹d is n o n -a t o m ic , t h e p r o p o r t io n o f vo t e s in d is t r ic t

d wo n b y c a n d id a t e A is

¦ A
d ( xA; xB ) =

Z
PA

t ( ut ( xA ) ¡ ut ( xB ) ) ¹d ( dt ) ;

a n d t h e p r o p o r t io n wo n b y B is ¦ B
d ( xA; xB ) = 1 ¡ ¦ A

d ( xA; xB ) . W e lo o s e ly

r e fe r t o ¦ C
d a s t h e district payo® function fo r c a n d id a t e C. Th e s e fu n c t io n s

6



a r e d i®e r e n t ia b le , a n d we u s e t h e n o t a t io n

rxC
¦ C

d ( xA; xB )

t o e xp r e s s t h e ve c t o r o f p a r t ia l d e r iva t ive s wit h r e s p e c t t o t h e p o lic y d im e n -

s io n s o f c a n d id a t e C's o wn p la t fo r m . A c a n d id a t e C win s a m a jo r it y o f vo t e s

in d is t r ic t d if

¦ C
d ( xA; xB ) >

1

2
;

a n d t h e c a n d id a t e s t ie if ¦ A
d ( xA; xB ) = ¦ B

d ( xA; xB ) = 1 = 2 . In t h a t c a s e , t h e

win n e r in d is t r ic t d is d e t e r m in e d b y t h e t o s s o f a fa ir c o in . W e a s s u m e t h a t

t h e win n e r o f t h e e le c t io n is t h e c a n d id a t e wh o win s in t h e s e t o f d is t r ic t s

wit h t h e g r e a t e s t we ig h t , e .g ., A win s if

X

d2DA

!d >
1

2
;

wh e r e DA c o n s is t s o f t h e d is t r ic t s wo n b y A, a ft e r t h e r e s o lu t io n o f c o in

t o s s e s , if a n y. ( N o t ie s a r e p o s s ib le a ft e r t ie s wit h d is t r ic t s a r e b r o ke n , b y t h e

a s s u m p t io n o f s t r o n g we ig h t s .)

W e a s s u m e t h a t t h e c a n d id a t e s a r e p r o b a b ilit y o f win n in g m a xim iz e r s , s o

( x¤
A; x¤

B ) is a n equilibrium o f t h e e le c t o r a l g a m e if t h e r e is n o c a n d id a t e C

a n d p la t fo r m xC s u c h t h a t C's p r o b a b ilit y o f win n in g wo u ld in c r e a s e a ft e r a

u n ila t e r a l d e via t io n t o xC. Th e e le c t o r a l g a m e is c le a r ly c o n s t a n t s u m a n d ,

b y o u r a s s u m p t io n t h a t PC
t ( 0 ) = 1 = 2 fo r a ll t, it s va lu e is o n e h a lf. Th is

a llo ws u s t o r e s t a t e t h e d e ¯ n it io n o f e qu ilib r iu m a s fo llo ws . L e t t in g

DC ( xA; xB ) =

½
d 2 D j ¦ C

d ( xA; xB ) >
1

2

¾

b e t h e d is t r ic t s in wh ic h C r e c e ive s a m a jo r it y o f vo t e s , ( x¤
A; x¤

B ) is a n e qu i-

lib r iu m if, fo r a ll y 2 X,

X

d2DA( ;x¤
B

!d

X

d DB y; ¤
B

!d n d
d2 B( ¤

A y)

d ¸
d2 A( ¤

A y)

d:

e s y a e q il b r u m s s mm tr c i x¤ = xB.



Fo r o n e r e s u lt , b e lo w, we will a s s u m e t h e d is t r ic t p a yo ® fu n c t io n s a r e

c o n c a ve in a c a n d id a t e 's o wn p la t fo r m , i.e ., ¦ A
d ( xA; xB ) is c o n c a ve in xA fo r

e a c h xB , a n d like wis e fo r B. S in c e e a c h PA
t is in c r e a s in g , we s e e t h a t

PA
t ( ut ( xA ) ¡ ut ( xB ) )

is c o n c a ve in xA if e a c h P A
t a n d ut a r e c o n c a ve . S in c e ¦ A

d is a n in t e g r a l o f

c o n c a ve fu n c t io n s , it will a ls o b e c o n c a ve in xA. Fo r c a n d id a t e B, we a ls o

wa n t e a c h PB
t a n d ut t o b e c o n c a ve .2 S in c e PB

t = 1 ¡ P A
t , h o we ve r , t h is

im p lie s t h a t b o t h p r o b a b ilit y-o f-vo t e fu n c t io n s a r e lin e a r . In t e r m s o f t h e

a d d it ive b ia s m o d e l, t h is m e a n s t h a t t h e b ia s fo r B is u n ifo r m ly d is t r ib u t e d

o ve r a s u it a b ly la r g e in t e r va l, a r e s t r ic t ive a s s u m p t io n . B u t c o n c a vit y o f

t h e p r o b a b ilit y-o f-vo t e fu n c t io n s is o n ly b e in g u s e d a s a s u ± c ie n t c o n d it io n

h e r e , a n d it c a n b e we a ke n e d if t h e vo t e r u t ilit y fu n c t io n s a r e c o r r e s p o n d in g ly

\ m o r e " c o n c a ve . S u p p o s e , fo r e xa m p le , t h a t t h e p r o b a b ilit y-o f-vo t e fu n c t io n s

a r e lo g is t ic ,

PA
t ( ¢ ) =

e¢

1 + e¢
;

a n d s o n o t c o n c a ve , a n d t h a t eut(x) is c o n c a ve o n X . Th e n

P A
t ( ut ( xA ) ¡ ut ( xB ) ) =

eut(xA)

eut(xB) + eut(xA)

is c o n c a ve in xA a n d c o n ve x in xB, a s r e qu ir e d . Th u s , wh ile c o n c a vit y o f

d is t r ic t p a yo ® fu n c t io n s is im p lie d b y lin e a r p r o b a b ilit y-o f-vo t e fu n c t io n s , it

d o e s n o t im p ly t h a t c o n d it io n .

3 Results

Fo r e a c h d is t r ic t d, we d e ¯ n e a \ we lfa r e " fu n c t io n , Wd : X ! R, a s

Wd ( x ) =

Z
DPA

t ( 0 ) ut ( x) ¹d ( dt ) ;

2Technically, we only need PA
t and PB

t to be concave over the range of possible utility
di®erences for type t voters.
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a n d n o t e t h a t Wd is d i®e r e n t ia b le . Give n t h e s e we lfa r e fu n c t io n s , it will b e

u s e fu l t o c o n s id e r t h e we ig h t e d m a jo r it y vo t in g g a m e a m o n g t h e d is t r ic t s ,

wit h e a c h d is t r ic t d vie we d a s a u n it a r y vo t e r wit h u t ilit y fu n c t io n Wd a n d

we ig h t !d. Th e core o f t h e d is t r ic t vo t in g g a m e , d e n o t e d K, c o n s is t s o f a n y

p o lic y x s u c h t h a t n o we ig h t e d m a jo r it y o f d is t r ic t s s t r ic t ly p r e fe r s a n o t h e r

p o lic y y. To d e ¯ n e t h is s e t fo r m a lly, le t

D =

(
G µ D j

X

d2G

!d >
1

2

)

c o n s is t o f t h e c o lle c t io n s d is t r ic t s c o n t a in in g m o r e t h a n h a lf t h e t o t a l we ig h t

o f t h e d is t r ic t s . Th e n

K =

½
x 2 X j t h e r e d o n o t e xis t y 2 X a n d G 2 D s u c h

t h a t , fo r a ll d 2 G; Wd ( y ) > Wd ( x)

¾
:

If m = 1 a n d e a c h ut is c o n c a ve , s o X µ R a n d e a c h Wd is c o n c a ve , t h e n

t h e c o r e c o n s is t s o f t h e \ we ig h t e d m e d ia n s ." If X is c o m p a c t a n d a g g r e g a t e

s t r ic t c o n c a vit y h o ld s , t h e n e a c h Wd h a s a u n iqu e m a xim iz e r , s a y xd, a n d ,

b e c a u s e t h e d is t r ic t we ig h t s a r e s t r o n g , t h e r e is t h e n e xa c t ly o n e we ig h t e d

m e d ia n , d e n o t e d xw. Th is is d e ¯ n e d b y t h e c o n d it io n

X

d:xd<xw

!d =
X

d:xw<xd

!d:

W h e n t h e d is t r ic t s h a ve e qu a l we ig h t s , t h is is ju s t t h e m e d ia n o f t h e d is t r ic t

id e a l p o in t s .

W e s a y x is a local median in all directions if, fo r a ll G 2 D, t h e z e r o

ve c t o r is in t h e c o n ve x h u ll o f t h e g r a d ie n t s o f d is t r ic t s in G, i.e .,

0 2 c o n vfrWd ( x ) j d 2 Gg:

It is we ll-kn o wn t h a t , if a n in t e r io r p o lic y is a c o r e p o in t , t h e n it m u s t b e

a lo c a l m e d ia n in a ll d ir e c t io n s . In d e e d , if t h is d id n o t h o ld a t x¤ fo r s o m e

G 2 D, t h e n we c o u ld s t r o n g ly s e p a r a t e t h e z e r o ve c t o r fr o m t h e c o n ve x h u ll

b y a h yp e r p la n e wit h n o r m a l, s a y, z. Th e n m o vin g s lig h t ly in t h e z d ir e c t io n

fr o m x¤, we wo u ld h a ve a p o lic y p r e fe r r e d t o x¤ b y a we ig h t e d m a jo r it y o f

d is t r ic t s . Th u s , x¤ m u s t b e \ c e n t r a lly lo c a t e d " wit h r e s p e c t t o t h e d is t r ic t
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g r a d ie n t s . Co n ve r s e ly, if e a c h Wd is c o n c a ve , t h e n e ve r y lo c a l m e d ia n in a ll

d ir e c t io n s is in t h e c o r e ( c f. A u s t e n -S m it h a n d B a n ks , 1 9 9 9 , Th e o r e m 5 .6 ) .

Ou r ¯ r s t r e s u lt c h a r a c t e r iz e s t h e s ym m e t r ic e qu ilib r ia o f t h e e le c t o r a l g a m e

in t e r m s o f t h is g r a d ie n t c o n d it io n .

P r oposition 1 If ( x¤; x¤ ) is an interior symmetric equilibrium, then x¤ is a

local median in all directions.

P roof: Co n s id e r a n y s ym m e t r ic e qu ilib r iu m ( x¤; x¤ ) wit h x¤ in t h e in t e r io r

o f X , a n d n o t e t h a t

¦ A
d ( x¤; x¤ ) = ¦ B

d ( x¤; x¤ ) =
1

2

fo r a ll d is t r ic t s . If t h e g r a d ie n t c o n d it io n is vio la t e d , t h e n

0 =2 c o n vfrWd ( x
¤ ) j d 2 Gg:

fo r s o m e G 2 D. B y t h e s e p a r a t in g h yp e r p la n e t h e o r e m , we c a n ¯ n d z 2 Rm

b e s u c h t h a t z ¢ x > 0 fo r a ll x in t h e c o n ve x h u ll o f frWd ( x
¤ ) j d 2 Gg.

U s in g

rxA
¦ A

d ( x¤; x¤ ) = rWd ( x
¤ )

fo r e ve r y d is t r ic t , t h is im p lie s , in p a r t ic u la r , t h a t

rxA
¦ A

d ( x¤; x¤ ) ¢ z > 0

fo r a ll d 2 G. Fo r ² > 0 , le t z² = x¤ + ²z. Ch o o s in g ² s m a ll e n o u g h t h a t

z² 2 X a n d

¦ A
d ( z²; x

¤ ) > ¦ A
d ( x¤; x¤ ) =

1

2

fo r a ll d 2 G, c a n d id a t e A c a n win wit h p r o b a b ilit y o n e b y d e via t in g t o z²,

a c o n t r a d ic t io n .

1 0



P r o p o s it io n 1 e s t a b lis h e s a n e c e s s a r y c o n d it io n fo r in t e r io r s ym m e t r ic

e qu ilib r ia , o n e t h a t d o e s n o t u s e c o n c a vit y o f vo t e r u t ilit y fu n c t io n s o r c a n -

d id a t e p a yo ® fu n c t io n s . In t h e c o n t e xt o f t h e s p a t ia l m o d e l o f p o lit ic s , it is

kn o wn t h a t t h is c o n d it io n is qu it e r e s t r ic t ive in h ig h e r d im e n s io n s : a r b it r a r -

ily s m a ll p e r t u r b a t io n s o f t h e d is t r ic t we lfa r e fu n c t io n s , e it h e r t h r o u g h vo t e r

u t ilit ie s o r t h r o u g h p r o b a b ilit y-o f-vo t e fu n c t io n s o r t h r o u g h d is t r ic t t yp e d is -

t r ib u t io n s , c a n le a d t o t h e n o n -e xis t e n c e o f a lo c a l m e d ia n in a ll d ir e c t io n s ( c f.

A u s t e n -S m it h a n d B a n ks , 1 9 9 9 , Th e o r e m 6 .1 ) . Th u s , in h ig h e r d im e n s io n s ,

t h e e xis t e n c e o f a n in t e r io r s ym m e t r ic e qu ilib r iu m is r a z o r 's e d g e .

In t h e d is t r ib u t ive m o d e l o f p o lit ic s , t h e m e a n in g o f a lo c a l m e d ia n in

a ll d ir e c t io n s is n o t e n t ir e ly t r a n s p a r e n t , a s t h e d e ¯ n it io n is n o t wr it t e n in

t e r m s o f t h e p r im it ive s o f t h e m o d e l. Give n a d is t r ic t d, le t MVd ( x ) d e n o t e

t h e ve c t o r
µZ

j¡1(1)

DPA
t ( 0 ) v0

t ( x1 ) d¹d; : : : ;

Z

j¡1(k¡1)

DPA
t ( 0 ) v0

t ( xk¡1 ) d¹d;

Z

j¡1(k)

DPA
t ( 0 ) v0

t ( 1 ¡
X

h6=k

xh ) d¹d

!

o f m a r g in a l im p a c t s o f t h e d i®e r e n t in t e r e s t g r o u p s a t x. L e t

H = f( ®1; : : : ; ®k¡1;¡
X

h6=k

®h ) j ®1; : : : ; ®k¡1 2 Rg

d e n o t e t h e s u b s p a c e o f Rk o r t h o g o n a l t o t h e ve c t o r ( 1 ; 1 ; : : : ; 1 ) , a n d le t

p r o jHMVd ( x )

d e n o t e t h e p r o je c t io n o f t h e ve c t o r o f m a r g in a l im p a c t s o n t o H . N o t e t h a t

x is a lo c a l m e d ia n in a ll d ir e c t io n s if a n d o n ly if t h e r e d o n o t e xis t G 2 D
a n d ( ®1; ®2; : : : ; ®k¡1 ) 2 Rk¡1 s u c h t h a t , fo r a ll d 2 G,

rWd ( x ) ¢ ( ®1; : : : ; ®k¡1 ) > 0 :

Th is h o ld s if a n d o n ly if t h e r e d o n o t e xis t G 2 D a n d ( ®1; ®2; : : : ; ®k¡1;

¡P
h6=k ®h ) 2 H s u c h t h a t , fo r a ll d 2 G,

MVd ( x ) ¢ ( ®1; : : : ; ®k¡1;¡
X

h 6=k

®h ) > 0 :

1 1



A n d t h is is e qu iva le n t t o

0 2 c o n vfp r o jHMVd ( x ) j d 2 Gg

fo r a ll G 2 D. Th a t is , x is a lo c a l m e d ia n in a ll d ir e c t io n s if a n d o n ly if

it is a lo c a l m e d ia n in a ll d ir e c t io n s wit h r e s p e c t t o t h e p r o je c t io n s o f t h e

m a r g in a l im p a c t ve c t o r s o n t o t h e s u b s p a c e H . R e s u lt s o n n o n -e xis t e n c e o f

lo c a l m e d ia n s in a ll d ir e c t io n s , a n d t h e r e fo r e in t e r io r s ym m e t r ic e qu ilib r ia ,

t h e n a p p ly t o t h e d is t r ib u t ive m o d e l wh e n t h e d im e n s io n a lit y o f H is h ig h ,

i.e ., wh e n t h e n u m b e r o f in t e r e s t g r o u p s is la r g e .

W e c a n s a y m o r e a b o u t t h e r e s t r ic t ive n e s s o f a lo c a l m e d ia n in a ll d ir e c -

t io n s b y e xa m in in g a we a ke r b u t m o r e in t u it ive c o n d it io n . Give n t wo ve c t o r s

y; z 2 Rm, we wr it e y / z if t h e ve c t o r s p o in t in t h e s a m e d ir e c t io n , i.e .,

y = ®z fo r s o m e ® > 0 . W e s a y t h e weighted P lott conditions h o ld a t x if fo r

a ll z 2 Rm,

X

d:r Wd(x)/z

!d ¡
X

d:r Wd(x)/¡z

!d <
X

d:r Wd(x)=0

!d:

R o u g h ly, t h is m e a n s t h a t t h e we ig h t o f d is t r ic t s wit h g r a d ie n t s p o in t in g in a n y

d ir e c t io n c a n n o t d ive r g e t o o m u c h fr o m t h e we ig h t o f d is t r ic t s wit h g r a d ie n t s

p o in t in g in t h e o p p o s it e d ir e c t io n . If t h e d is t r ic t s a r e e qu a lly we ig h t e d ( a s

in s t a n d a r d m a jo r it y vo t in g g a m e s ) a n d o d d in n u m b e r , a n d if x is a c r it ic a l

p o in t fo r n o o t h e r d is t r ic t , t h e n t h is c o n d it io n r e d u c e s t o t h e u s u a l c o n d it io n ,

jfd 2 D j rWd ( x ) / zgj = jfd 2 D j rWd ( x) / ¡zgj;

o f P lo t t ( 1 9 6 7 ) . In wo r d s , fo r e a c h d is t r ic t wit h n o n -z e r o g r a d ie n t a t x,

t h e r e m u s t b e a n o t h e r d is t r ic t wit h g r a d ie n t p o in t in g in e xa c t ly t h e o p p o s it e

d ir e c t io n , a c o n d it io n t h a t is g e n e r ic a lly vio la t e d in t wo o r m o r e d im e n s io n s .

S t a n d a r d a r g u m e n t s c a n b e u s e d t o e s t a b lis h t h a t e ve r y lo c a l m e d ia n in a ll

d ir e c t io n s s a t is ¯ e s t h e we ig h t e d P lo t t c o n d it io n s , wit h a n im m e d ia t e n e g a t ive

c o n c lu s io n fo r e qu ilib r iu m e xis t e n c e wh e n d is t r ic t s a r e e qu a lly we ig h t e d a n d

t h e n u m b e r o f d im e n s io n s is t wo o r m o r e .

Mo r e g e n e r a lly, u s in g t h e we ig h t e d P lo t t c o n d it io n s , P r o p o s it io n 1 im p lie s

t h a t a n in t e r io r s ym m e t r ic e qu ilib r iu m m u s t b e a t a c r it ic a l p o in t o f o n e o f t h e
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d is t r ic t we lfa r e fu n c t io n s . A s s u m in g c o n c a vit y, s u c h p o lic ie s m u s t a c t u a lly

b e d is t r ic t id e a l p o in t s , wh ic h a r e t yp ic a lly ¯ n it e in n u m b e r . W h e n n = 1 ,

s o t h e r e is o n ly o n e d is t r ic t , t h is im p lie s t h e u s u a l u t ilit a r ia n r e s u lt : t h e

o n ly p o s s ib le s ym m e t r ic e qu ilib r iu m h a s t h e c a n d id a t e s lo c a t in g a t a d is t r ic t

we lfa r e m a xim iz e r . W h e n m = 1 , s o t h e r e is o n ly o n e d im e n s io n , t h e we ig h t e d

P lo t t c o n d it io n s will b e s a t is ¯ e d b y t h e we ig h t e d m e d ia n . W h e n n > 1 a n d

m > 1 , t h e r e s t r ic t ive n e s s o f t h e we ig h t e d P lo t t c o n d it io n s m a y d e p e n d o n

t h e we ig h t s o f t h e d is t r ic t s . S u p p o s e t h e r e is n o d is t r ic t wit h s t r ic t ly g r e a t e r

we ig h t t h a n e ve r y o t h e r d is t r ic t , i.e ., t h e r e a r e a t le a s t t wo d is t r ic t s , s a y d

a n d d0, wit h h ig h e s t we ig h t . Th e n , in t wo o r m o r e d im e n s io n s , t h e we ig h t e d

P lo t t c o n d it io n s will g e n e r ic a lly b e vio la t e d : t h e y c a n b e s a t is ¯ e d o n ly if t h e

g r a d ie n t s o f d a n d d0 p o in t in e xa c t ly o p p o s it e d ir e c t io n s , o r if t h e g r a d ie n t s

o f t wo o r m o r e d is t r ic t s p o in t in e xa c t ly t h e s a m e d ir e c t io n .

Th e we ig h t e d P lo t t c o n d it io n s , a n d t h e r e fo r e t h e e xis t e n c e o f e qu ilib r ia ,

will b e r o b u s t t o a r b it r a r ily s m a ll c h a n g e s in d is t r ic t we lfa r e fu n c t io n s o n ly

if o n e d is t r ic t h a s s t r ic t ly g r e a t e r we ig h t t h a n a ll o t h e r s . In t h a t c a s e , t h o s e

c o n d it io n s will b e r o b u s t o n ly a t t h e c r it ic a l p o in t s o f t h a t d is t r ic t 's we lfa r e

fu n c t io n . If t h e r e is o n ly o n e s u c h c r it ic a l p o in t , a s wh e n t h e d is t r ic t 's we l-

fa r e fu n c t io n is s t r ic t ly c o n c a ve , t h e n t h e r e is o n ly o n e p o s s ib le s ym m e t r ic

e qu ilib r iu m t h a t is r o b u s t t o s m a ll p e r t u r b a t io n s o f we lfa r e fu n c t io n s . A n d if

t h a t p o lic y is n o t a lo c a l m e d ia n in a ll d ir e c t io n s , t h e n t h e r e a r e n o e qu ilib r ia .

A ll o f t h e fo r e g o in g a p p lie s t o t h e m a r g in a l im p a c t ve c t o r s p r o je c t e d

t o t h e s u b s p a c e H in t h e d is t r ib u t ive m o d e l: if x is a lo c a l m e d ia n in a ll

d ir e c t io n s , t h e n t h e we ig h t e d P lo t t c o n d it io n s m u s t h o ld wit h r e s p e c t t o

t h e s e p r o je c t io n s o n t o H. Fo r e xa m p le , if e a c h vt is c o n c a ve , a n d if t h e r e a r e

t h r e e e qu a lly we ig h t e d d is t r ic t s , t h e n we m u s t h a ve p r o jHMVd ( x ) = 0 fo r

o n e d is t r ic t ( s o x is a we lfa r e m a xim iz e r fo r d) , a n d we m u s t h a ve

p r o jHMVd0 ( x ) = ¡ p r o jHMVd00 ( x)

fo r t h e o t h e r t wo d is t r ic t s . W h e n t h e r e a r e ju s t t h r e e o r m o r e in t e r e s t g r o u p s ,

b e c a u s e H is k ¡ 1 -d im e n s io n a l, t h is c o n d it io n is c le a r ly r a z o r 's e d g e : s m a ll

p e r t u r b a t io n s o f t h e m a r g in a l im p a c t ve c t o r o f, s a y, d is t r ic t d0, e it h e r t h r o u g h

vo t e r u t ilit ie s o r p r o b a b ilit y-o f-vo t e fu n c t io n s o r t yp e d is t r ib u t io n s , c a n vio -

la t e t h e c o n d it io n .
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Th e n e xt r e s u lt a s s u m e s c o n c a vit y o f vo t e r u t ilit y fu n c t io n s t o g e t a

s h a r p e r r e s u lt in t e r m s o f t h e c o r e o f t h e d is t r ic t vo t in g g a m e .

P r oposition 2 Assume each ut is concave. If ( x¤; x¤ ) is an interior sym-

metric equilibrium, then x¤ 2 K.

Th e p r o o f is s im p le : s in c e e a c h ut is c o n c a ve , e a c h Wd is a s we ll; if ( x¤; x¤ )
is a n in t e r io r s ym m e t r ic e qu ilib r iu m , t h e n P r o p o s it io n 1 im p lie s t h a t x¤ is a

lo c a l m e d ia n in a ll d ir e c t io n s ; s in c e e a c h Wd is c o n c a ve , x¤ 2 K. Th e n e xt

r e s u lt a d d r e s s e s t h e p o s s ib ilit y o f a s ym m e t r ic e qu ilib r ia . In s h o r t , u n d e r

s t a n d a r d a s s u m p t io n s , t h e r e a r e n o n e . U n d e r t h o s e c o n d it io n s , t h e r e fo r e ,

P r o p o s it io n s 1 a n d 2 c h a r a c t e r iz e a ll p o s s ib le in t e r io r e qu ilib r ia .

P r oposition 3 Assume each DPC
t > 0 , each ut is concave, and aggregate

strict concavity holds. If ( x¤
A; x¤

B ) is an interior equilibrium, then x¤
A = x¤

B.

P roof: S u p p o s e ( x¤
A; x¤

B ) is a n e qu ilib r iu m b u t x¤
A 6= x¤

B . S in c e t h e e le c t o r a l

g a m e is c o n s t a n t s u m wit h a va lu e o f o n e h a lf, e a c h c a n d id a t e m u s t r e c e ive

a p a yo ® o f o n e h a lf in e qu ilib r iu m , i.e ., e a c h m u s t win wit h p r o b a b ilit y o n e

h a lf. L e t t in g

DA = DA ( x¤
A; x¤

B ) a n d DB = DB ( x¤
A; x¤

B ) ;

it fo llo ws t h a t
P

DA
!d =

P
DB

!d. S in c e t h e d is t r ic t we ig h t s a r e s t r o n g , t h e

d is t r ic t s o u t s id e DA [DB h a ve p o s it ive we ig h t , s a y w, a n d in t h o s e d is t r ic t s

t h e p a r t ie s a r e t ie d : ¦ C
d ( x¤

A; x¤
B ) = 1 =2 . L e t

D+ = fd =2 DA [ DB j rxA
¦ A

d ( x¤
A; x¤

B ) ¢ ( x¤
B ¡ x¤

A ) > 0 g
D¡ = fd =2 DA [ DB j rxA

¦ A
d ( x¤

A; x¤
B ) ¢ ( x¤

B ¡ x¤
A ) · 0 g;

a n d n o t e t h a t , b e c a u s e t h e d is t r ic t we ig h t s a r e s t r o n g , t h e r e a r e t wo c a s e s :
X

d2D+

!d >
w

2
o r

X

d2D¡

!d >
w

2
:

In t h e ¯ r s t c a s e , fo r ² > 0 , le t z² = x¤
A + ² ( x¤

B ¡ x¤
A ) . Fo r s m a ll e n o u g h ², we

h a ve

¦ A
d ( z²; x

¤
B ) > ¦ A

d ( x¤
A; x¤

B ) =
1

2
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fo r a ll d 2 D+, a n d , b y c o n t in u it y o f ¦ A
d , we c a n c h o o s e ² s m a ll e n o u g h t h a t

¼A
d ( x¤

A; x¤
B ) >

1

2

fo r a ll d 2 DA. S in c e

X

d2DA[D+

!d >
1

2
;

A win s b y d e via t in g t o z², c o n t r a d ic t in g t h e a s s u m p t io n t h a t ( x¤
A; x¤

B ) is a n

e qu ilib r iu m . In t h e s e c o n d c a s e , we h a ve
Z £

DPA
t ( ut ( x

¤
A ) ¡ ut ( x

¤
B ) ) rut ( x

¤
A ) ¢ ( x¤

B ¡ x¤
A )

¤
¹d ( dt ) · 0

fo r a ll d 2 D¡. N o t e t h a t , b y c o n c a vit y o f ut, we h a ve

rut ( x
¤
A ) ¢ ( x¤

B ¡ x¤
A ) ¸ rut ( x

¤
B ) ¢ ( x¤

B ¡ x¤
A )

fo r a ll t 2 T . B y DPA
t > 0 , ut c o n c a ve , a n d a g g r e g a t e s t r ic t c o n c a vit y, we

t h e n h a ve
Z £

DPA
t ( ut ( x

¤
A ) ¡ ut ( x

¤
B ) ) rut ( x

¤
B ) ¢ ( x¤

B ¡ x¤
A )

¤
¹d ( dt ) < 0

fo r a ll d 2 D¡. Th is is e qu iva le n t t o

rxB
¦ B

d ( x¤
A; x¤

B ) ¢ ( x¤
B ¡ x¤

A ) > 0

fo r a ll d 2 D¡, a n d t h e a r g u m e n t fr o m t h e ¯ r s t c a s e e s t a b lis h e s a p r o ¯ t a b le

d e via t io n fo r B, a c o n t r a d ic t io n .

P r o p o s it io n s 1 -3 g ive s t r o n g n e c e s s a r y c o n d it io n s fo r e qu ilib r ia o f t h e

e le c t o r a l g a m e in wh ic h t h e c a n d id a t e s c h o o s e in t e r io r p o lic ie s . Th e la t t e r

qu a lī c a t io n is t yp ic a lly m e t b y a ll e qu ilib r ia in t h e o n e -d im e n s io n a l a n d

m u lt id im e n s io n a l s p a t ia l m o d e l. W e c a n g ive r e a s o n a b le c o n d it io n s u n d e r

wh ic h t h is is t r u e o f t h e m o d e l o f d is t r ib u t ive p o lit ic s a s we ll. S u p p o s e , fo r

e xa m p le , t h a t in t e r e s t g r o u p s a r e d is p e r s e d , t h a t lim ®!0 v0
t ( ®) = 1 fo r a ll

t, a n d t h a t DPA
t > 0 . Th e n e ve r y e qu ilib r iu m is in t e r io r . To s e e t h is , n o t e
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t h a t , b e c a u s e d is t r ic t we ig h t s a r e s t r o n g , in e ve r y e qu ilib r iu m t h e r e a r e s o m e

d is t r ic t s d s u c h t h a t

¦ A
d ( x¤

A; x¤
B ) = ¦ B

d ( x¤
A; x¤

B ) =
1

2
:

If xj = 0 fo r s o m e g r o u p Gj wit h j < k, o r if
Pk¡1

j=1 xj = 1 , t h e n o n e o f t h e

c a n d id a t e s c o u ld win t h o s e d is t r ic t s b y r e d is t r ib u t in g a n a r b it r a r ily s m a ll

a m o u n t o f t h e r e s o u r c e t o a g r o u p wit h n o n e . B y m a kin g t h is a m o u n t s m a ll

e n o u g h , t h e c a n d id a t e c a n ke e p t h e d is t r ic t s in wh ic h it h a d a m a jo r it y o f

vo t e s , a llo win g t h e c a n d id a t e t o win t h e e le c t io n .

Ou r la s t r e s u lt e s t a b lis h e s a s u ± c ie n t c o n d it io n fo r e xis t e n c e o f a n e qu ilib -

r iu m o f t h e e le c t o r a l g a m e . In t h e o n e -d im e n s io n a l s p a t ia l m o d e l, it im p lie s

t h a t b o t h c a n d id a t e s lo c a t in g a t t h e we ig h t e d m e d ia n o f t h e d is t r ic t vo t in g

g a m e is a n e qu ilib r iu m o f t h e e le c t o r a l g a m e . U n d e r t h e c o n d it io n s o f t h e

p r e vio u s p r o p o s it io n s , it is t h e unique e qu ilib r iu m . In t h e d is t r ib u t ive m o d e l,

g ive n o u r a n a lys is o f lo c a l m e d ia n s in a ll d ir e c t io n s , t h e r e s u lt im p lie s t h a t

e qu ilib r ia c a n e xis t , t h o u g h u n d e r p r e c a r io u s c o n d it io n s .

P r oposition 4 Assume, given xB , each ¦ A
d ( ¢; xB ) is concave and has a

unique maximizer. L ikewise for ¦ B
d . If x¤ is interior and x¤ 2 K, then

( x¤; x¤ ) is a symmetric equilibrium.

P roof: S u p p o s e x¤ 2 K b u t ( x¤; x¤ ) is n o t a n e qu ilib r iu m , s o s o m e p a r t y,

s a y A, h a s a p r o ¯ t a b le d e via t io n . S in c e ¦ A
d ( x¤; x¤ ) = 1 = 2 fo r a ll d is t r ic t s ,

t h is m e a n s t h e r e e xis t s s o m e o t h e r y 2 X s u c h t h a t , g ive n p la t fo r m x¤ fo r

B, A's p r o b a b ilit y o f win n in g wit h y is g r e a t e r t h a n o n e h a lf, i.e .,
X

d2DA(y;x¤)

!d >
X

d2DB(y;x¤)

!d:

B y c o n c a vit y o f A's d is t r ic t p a yo ® fu n c t io n s in xA, we h a ve
½

d 2 D j ¦ A
d ( y; x¤ ) >

1

2

¾
µ

©
d 2 D j rxA

¦ A
d ( x¤; x¤ ) ¢ ( y ¡ x¤ ) > 0

ª
;

a n d , b e c a u s e ¦ A
d ( ¢; x¤ ) is c o n c a ve a n d h a s a u n iqu e m a xim iz e r ,

½
d 2 D j rxA

¦ A
d ( x¤; x¤ ) ¢ ( y ¡ x¤ ) < 0

o r rxA
¦ A

d ( x¤; x¤ ) = 0

¾
µ

½
d 2 D j ¦ A

d ( y; x¤ ) <
1

2

¾
:
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D e ¯ n e

D+ = fd 2 D j rWd ( x
¤ ) ¢ ( y ¡ x¤ ) > 0 g

D¡ = fd 2 D j rWd ( x
¤ ) = 0 o r rWd ( x

¤ ) ¢ ( y ¡ x¤ ) < 0 g:

Th u s , u s in g rxA
¦ A

d ( x¤; x¤ ) = rWd ( x
¤ ) , we h a ve

X

d2D+

!d >
X

d2D¡

!d:

P ic k z 2 Rm s u c h t h a t rWd ( x¤ ) ¢ z 6= 0 fo r a ll d =2 D+ [ D¡, a n d s u p p o s e ,

wit h o u t lo s s o f g e n e r a lit y, t h a t
X

d2D0:r Wd(x¤)¢z>0

!d ¸
X

d2D0:r Wd(x¤)¢z<0

!d:

L e t D0 c o n s is t o f a ll d is t r ic t s o u t s id e D+ [ D¡ wit h rWd ( x
¤ ) ¢ z > 0 . Fo r

² > 0 , le t z² = y ¡ x¤ + ²z, a n d c h o o s e ² s m a ll e n o u g h t h a t rWd ( x¤ ) ¢ z² > 0

fo r a ll d 2 D+. N o t e t h a t

rWd ( x
¤ ) ¢ z² = ²rWd ( x

¤ ) ¢ z > 0

fo r a ll d 2 D0. Fo r ± > 0 , le t z± = x¤ + ±z². Ch o o s in g ± s m a ll e n o u g h , we

h a ve z± 2 X a n d Wd ( z± ) > Wd ( x
¤ ) fo r a ll d 2 D+ [ D0, wh ic h is a we ig h t e d

m a jo r it y o f d is t r ic t s , c o n t r a d ic t in g x¤ 2 K.

4 An E xtension

Fin a lly, we c o m m e n t o n a n e qu iva le n t fo r m u la t io n o f o u r p r o b a b ilis t ic vo t in g

m o d e l, o n e in t r o d u c e d b y Co u g h lin a n d N it z a n ( 1 9 8 1 ) , in wh ic h t h e p r o b a -

b ilit y t h e t yp e t vo t e r s vo t e fo r a c a n d id a t e d e p e n d o n t h e ratio o f u t ilit ie s

r a t h e r t h a n t h e d i®e r e n c e . Th a t is , fo r e a c h t 2 T , ut is p o s it ive a n d t h e r e

e xis t s a fu n c t io n PA
t : R++ ! R s u c h t h a t t h e p r o b a b ilit y t h e t yp e t vo t e r s

vo t e fo r A is

PA
t

µ
ut ( xA )

ut ( xB )

¶
;
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a n d PB
t = 1 ¡ PA

t . Th is m o d e l c a n b e t r a n s fo r m e d in t o a u t ilit y d i®e r e n c e

m o d e l b y d e ¯ n in g n e w u t ilit y a n d p r o b a b ilit y-o f-vo t e fu n c t io n s a s fo llo ws :

_ut ( x ) = ln ( ut ( x ) )

_PA
t ( ¢ ) = PA

t ( e¢ ) :

Th is a s s o c ia t e d u t ilit y d i®e r e n c e m o d e l is e qu iva le n t in t h e s e n s e t h a t t h e

c a n d id a t e s ' d is t r ic t p a yo ® fu n c t io n s , a n d t h e r e fo r e t h e e qu ilib r ia o f t h e e le c -

t o r a l g a m e , a r e in va r ia n t wit h r e s p e c t t o t h e a b o ve t r a n s fo r m a t io n :

_PA
t ( _ut ( xA ) ¡ _ut ( xB ) ) = PA

t

µ
ut ( xA )

ut ( xB )

¶
:

Th u s , o u r r e s u lt s h o ld wit h o n ly s u p e r ¯ c ia l m o d i¯ c a t io n s u s in g t h e u t ilit y

r a t io m o d e l.

If we a s s u m e t h e u t ilit y r a t io m o d e l a s a p r im it ive , t h e n P r o p o s it io n 1 will

h o ld fo r t h e a s s o c ia t e d u t ilit y d i®e r e n c e m o d e l, wh e r e t h e g r a d ie n t c o n d it io n

is e xp r e s s e d in t e r m s o f t h e d is t r ic t we lfa r e fu n c t io n s

Wd ( x ) =

Z
D _PA

t ( 0 ) _ut ( x ) d¹d:

Of c o u r s e , in t e r m s o f t h e p r im it ive u t ilit y fu n c t io n s ut, t h is is e qu iva le n t t o

Wd ( x) =

Z
D _P A

t ( 0 ) ln ( ut ( x ) ) d¹d;

wh ic h is kn o wn a s t h e \ N a s h " we lfa r e fu n c t io n . P r o p o s it io n 2 h o ld s a s e xa c t ly

a s b e fo r e , wh e n s t a t e d in t e r m s o f t h e a s s o c ia t e d u t ilit y fu n c t io n s _ut. A s

we r e qu ir e c o n c a vit y in t h e u t ilit y d i®e r e n c e m o d e l, we t h e n n e e d o n ly lo g -

c o n c a vit y in t e r m s o f t h e p r im it ive u t ilit y fu n c t io n s ut. S im ila r r e m a r ks h o ld

fo r P r o p o s it io n 3 .

Fin a lly, P r o p o s it io n 4 u s e s t h e a s s u m p t io n t h a t d is t r ic t p a yo ® fu n c t io n s

a r e c o n c a ve in a c a n d id a t e 's o wn s t r a t e g y. Fr o m o u r d is c u s s io n in S e c t io n 2 ,

t h is will fo llo w if t h e a s s o c ia t e d p r o b a b ilit y-o f-vo t e fu n c t io n s _PA
t a r e lin e a r

a n d t h e a s s o c ia t e d u t ilit y fu n c t io n s _ut a r e c o n c a ve , i.e ., t h e p r im it ive u t ilit y

fu n c t io n s a r e lo g -c o n c a ve . A s we m e n t io n e d t h e r e , h o we ve r , we c a n we a ke n

lin e a r it y o f t h e _PA
t if we s t r e n g t h e n o u r c o n c a vit y a s s u m p t io n s o n u t ilit y
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fu n c t io n s . W e s a w t h a t t h e a s s o c ia t e d p r o b a b ilit y-o f-vo t e fu n c t io n s c o u ld

h a ve t h e lo g is t ic fo r m ,

_PA
t ( ¢ ) =

e¢

1 + e¢
;

if e a c h e _ut(x) we r e c o n c a ve in x. W e c a n c o n ve r t t h e la t t e r c o n d it io n s in t o t h e

u t ilit y r a t io m o d e l a s fo llo ws . Th e a s s o c ia t e d p r o b a b ilit y-o f-vo t e fu n c t io n s

will h a ve t h e lo g is t ic fo r m if

PA
t ( R) =

R

1 + R
;

wh ic h is t h e b in a r y L u c e m o d e l u s e d b y Co u g h lin a n d N it z a n ( 1 9 8 1 ) . A n d t h e

a s s o c ia t e d u t ilit y fu n c t io n s will b e s u ± c ie n t ly c o n c a ve if e a c h ut is c o n c a ve .

U n d e r t h o s e c o n d it io n s , t h e n , t h e c o n c a vit y a s s u m p t io n o f P r o p o s it io n 4

h o ld s a n d t h e r e s u lt c a r r ie s o ve r t o t h e u t ilit y r a t io m o d e l.
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