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Motivation

I We want a model that is general. . .
� multidimensional nature of public policy
� continual policy-making over time
� random shocks to preferences and environment
� detailed institutional structure

I . . . yet practical, i.e., possesses equilibria with nice properties
and is solvable at least by numerical means.

I This seems a prerequisite for detailed analysis of public policy
and constitutional design.



Motivation (cont.)

I The techniques we develop may be useful in studying related
situations, such as. . .

� bargaining within a cartel
� �rm vs. union wage negotiation
� intra-family bargaining
� international cooperation



Literature review

I Early work
� Rubinstein (1982), Binmore (1987)
� Baron and Ferejohn (1989)

I Bargaining with �xed default
� Baron (1991)
� Banks and Duggan (2000,2006)
� Jackson and Moselle (2002)
� Kalandrakis (2004,2006)

status quoq

proposeri drawn

i proposesx

vote is held

end w/xkeepq

...

repeat w/q



Literature review (cont.)

I Bargaining with endogenous status quo
� Epple and Riordan (1987)
� Baron (1996)
� Kalandrakis (2004,2007)
� Cho (2005)
� Fong (2005)
� Battaglini and Coate (2007a,b)

I No general theory of bargaining with
endogenous status quo.

status quoq

proposeri drawn

i proposesx

vote is held

x prevailskeepq

...
...

repeat w/q cont. w/x



Literature review (cont.)

I We analyze the
general endogenous
status quo model.

I We add two types of
noise:

� uncertainty about
future preferences

� noisy policy
implementation

I Noise may be
arbitrarily small.

status quoq

proposeri drawn

i proposesx

vote is held

x prevailskeepq

...
...

repeat w/q cont. w/x

preference shock

noise added to sq
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Model

Status quoq in < d and preference parameters
� = ( � 1; : : : ; � n) are publicly observed.

Each legislatori is drawn with probabilitypi to
propose a policy inX � Rd .

The selected legislator proposes a policy in
y 2 X [ f qg.

Legislators vote simultaneously to accepty or reject
in favor of q.



The model (cont.)

...

The current period policy outcome is

x =
�

y if f j j j acceptsg 2 D
q else.

Legislatori receives utility� t � 1
i ûi (x; � i ) in period t .

New status quoq0 is drawn from densityg(�jx), and
new preference parameters� 0= ( � 0

1; : : : ; � 0
n) are

drawn from densityf (�).

The above procedure is repeated in the next period.



Assumptions

I Policy space
� X is compact and cut out by smooth functions:

X =
�

x 2 < d j
h` (x) � 0; ` 2 K in

h` (x) = 0 ; ` 2 K eq

�

� linear independence of binding constraints:

f Dh` (x) j ` s.t. h` (x) = 0 g

is linearly independent.



Assumptions (cont.)

I Stage payo�s
� utility shock is linear:ûi (x; � i ) = ui (x) + � i � x, whereui is

smooth.
I Voting rule

� D is monotonic:C 2 D and C � C0 impliesC0 2 D .
I Preference parameter density

� jui (x) + � i � xjf (� ) is bounded overx (in X) and � .
I Status quo density

� g(qjx) is smooth inx with support in the same compact set.
� derivatives ofg(qjx) with respect tox of all orders are

uniformly bounded in norm across (q; x).



Pure stationary strategies

I Proposal strategies:� i (q; � ) 2 X [ f qg
I Voting strategies:� i (y; q; � ) 2 f 0; 1g. . .
I . . . or in terms of an acceptance set:

Ai (q; � ) = f y 2 X [ f qg j legislatori acceptsy g

I Legislative acceptance set:

A(q; � ) =
[

C2 D

\

i 2 C

Ai (q; � )



Continuation values

I Dynamic payo� from outcomex and shock� i is:

Ui (x; � i ) = (1 � � i )(ui (x) + � i � x) + � i vi (x);

wherevi (x) is expected payo� beginning tomorrow given
outcomex today.

I Strategies satisfyno delayif for all i , all q, and all � ,
� i (q; � ) 2 A(q; � ).

I Assuming no delay, continuation values satisfy

vi (x) =
Z

q

Z

�

X

j

pj Ui (� j (q; � ); � i )f (� )g(qjx)d� dq:



Stationary legislative equilibrium

I Optimal voting strategies: for allq, all � , and all i ,

Ai (q; � ) = f y 2 X [ f qg j Ui (y; � i ) � Ui (q; � )g:

I Optimal proposal strategies: for allq, all � , and all i , � i (q; � )
solves

max
y2 X [f qg

Ui (y; � i )

s.t. y 2 A(q; � ):

I This adds several re�nements to stationary Markov perfect
equilibrium: 1) pure strategies, 2) stage undominated voting,
3) voter deference, and 4) no delay.



Mixed stationary legislative equilibrium

I Proposal strategies:� i (q; � )(Y )
I Voting strategies:� i (y; q; � ) 2 [0; 1]
I Optimal voting:

� i (y; q; � ) =
�

1 if Ui (y; � i ) > Ui (q; � i )
0 if Ui (q; � i ) > Ui (y; � i )

I Optimal proposals:

max
y2 X [f qg

� (y; q; � )Ui (y; � i ) + (1 � � (y; q; � ))Ui (q; � i )
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Existence

Theorem
There exists a stationary legislative equilibrium such that:

1. continuation values are smooth.

2. proposals are almost always strictly best.

3. proposal strategies are di�erentiable almost
everywhere.

4. almost always, binding voters (if any) are pivotal.



Comments on proof

I The existence proof considers the best response continuation
value correspondence.

 

compact
convex

V V
v v0

I . . . which yieldscontinuity of  .

Existence Issues Stochastic Games



Characterization

I A mixed strategy pro�le, (� i ; � i ), is essentially equivalentto a
pure strategy pro�le, (� i ; � i ), if it generically yields the same
policy outcomes

Theorem
Every mixed stationary legislative equilibrium is essentially
equivalent to a pure stationary legislative equilibrium
satisfying properties 1{4 of the Existence Theorem.

I An implication is that all stationary legislative equilibria
possess properties 1{4 of the Existence Theorem.



Robustness of equilibria

I Let � be a metric space of models, where each model
 is
identi�ed with (( p


i ; u

i ; � 


i ); X 
 ; f 
 ; g
 ), and:
? each
 satis�es our maintained assumptions, with bounds on

stage utilities and partial derivatives uniform across models.
� p


i and � 

i are continuous.

� eachu

i (x) is jointly continuous in (x; 
 ).

? X 
 is continuous in the Hausdor� metric.
� for all � , f 
 (� ) is continuous in
 .
� for all q, all partial derivatives of all orders ofg w.r.t. x are

continuous in (x; 
 ).



Robustness of equilibria (cont.)

I Let E(
 ) be the set of stationary legislative equilibrium
continuation values for model
 .

Theorem
The equilibrium correspondence E: � � V is uhc.

I Thus, a perturbation of the model does not introduce
equilibria far away from the original equilibrium set.



Long run equilibrium policies

I Given stationary strategies, the transition probability

P(x; Y ) =
Z

q

Z

�

X

i

pi IY (� i (q; � )) f (� )g(qjx)d� dq

summarizes the law of motion of policies over time.
I The distribution of policies next period, given distribution �

today, is given by

T � � (Y ) =
Z

x
P(x; Y )� (dx):



Long run equilibrium policies (cont.)

I Then the distribution of policies inm periods is

T � m� = T � � � � T �
| {z }
m times

�:

I Say� is invariant if � = T � � .
I The next theorem gives conditions under which there is a

unique invariant distribution and that distribution captures
the long run distribution of equilibrium policies.



Long run equilibrium policies (cont.)

Theorem
Assume that for all x; y 2 X , there exists q2 X such
that g(qjx) > 0 and g(qjy) > 0. Consider any stationary
legislative equilibrium. Then. . .

1. The transition probability P admits a unique
invariant distribution� � .

2. Given any initial distribution� over policies, the
distribution of policy outcomes, T� m� , converges in
the total variation norm to� � .



Outline

Introduction

Framework

Results

Numerical example

Dynamic MVT

Conclusion



Overview

I We want to numerically compute an equilibrium of the model
in which X is a continuum.

I In doing so, we consider �nite policy spaces, i.e.,
\quasi-discrete" models.

I We compute an equilibrium of a quasi-discrete model
corresponding to an initial grid onX .

I We then use this as a starting value to compute an
equilibrium with a �ner grid. . .

I . . . and we take the limit of these equilibria of quasi-discrete
models to �nd an equilibrium of the initial model.



Picture of algorithm

Grids Eq. cont.
values

X 1 v1;0 v1;1 v1;2 � � � ! v1

X 2 v1 = v2;0 v2;1 v2;2 � � � ! v2

X 3 v2 = v3;0 v3;1 v3;2 � � � ! v3

#
...

...
... #

X v �



Quasi-discrete approximations

Theorem
Let f 
 mg be a sequence of quasi-discrete models
approaching our model
 in the Hausdor� metric.
Then. . .

1. For all m, if f vm;kg converges to vm, then
vm 2 E(
 m).

2. Every sequencef vmg of equilibrium continuation
values admits a convergent subsequence with limit
v � 2 E(
 ).



Simple example

I Assume �ve legislators with negative quadratic preferences
and ideal points at: 1, 1.5, 2, 2.8, 3.

I D is majority rule.
I f is uniform on� 2 [� :1; :1].
I g(�jx) is Beta onq in an interval containingx.
I Common discount factor� = :9.



Computed equilibrium

I The computed equilibrium strategies possess the following
properties:

� the median legislator is decisive.
� non-median legislators have moderate strategic preferences.
� the left (less congruent) legislators compromise more.
? dynamic utilities are not concave.
? continuation values are not quasi-concave.
� the right (more congruent) legislators' continuation values

increase given extreme status quos.

Equilibrium �gures



Ergodic distribution

I The ergodic
distribution is
concentrated
near the
median, with a
slight tail to
the right.

1.0 1.5 2.0 2.8 3.0

x
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Set up

I X is convex
I n is odd
I D is majority rule
I eachui is quadratic
I the majority core for� = 0 is nonempty, say,x� 2 X
I there isj 2 N with pj > 0 anduj (x� ) = 0



Set up (cont.)

I Let � k;`; m be a sequence of stationary legislative equilibria
from modelsf (� k ; g` ; f m)g, where. . .

� � k ! 1
� suppg` (�jx) � B 1

`
(x)

� suppf m � B 1
m

(0)

I Let f � k;`; mg be a corresponding sequence of invariant
distributions.

I Let f Uk;`; m
i g be the corresponding sequence of dynamic

payo�s.



Asymptotic core equivalence

Theorem
1. For each� k , we have

lim
` !1

lim
m!1

� k;`; m =
unit mass

on x�

2. For each x2 X , we have

lim
k!1

lim
` !1

lim
m!1

Uk;`; m
j (x) = uj (x� ):
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Timed policy

I Suppose legislators can propose arbitrary policy plans up to
some �xed horizon, sayk: (x1; x2; : : : ; xk ).

I Once a plan passes, then legislators receiveui (x1) in the
current period.

I It is then reconsidered every period. If it is unaltered after the
�rst period, then the plan is (x2; x3; : : : ; xk ; xk ), and
legislators receiveui (x2), and so on.

I Similar to Bernheim, Rangel, and Rao (2006) and Diermeier
and Fong (2007).



Timed policy (cont.)

I We approximate this as follows:

~X = X � � � � � X| {z }
k times

~g(�j~x) � (x2; : : : ; xk ; xk )

~ui (~x) = ui (x1)
~f � (� 1; �� 2; : : : ; �� k ):

I And other extensions!



Three directions from here

I Theoretical: develop \full model" that incorporates greater
institutional detail.

I Numerical: develop more e�cient algorithms for computation
of equilibria.

I Applied: develop special cases in which to test institutional
e�ects on policy dynamics.



Equilibrium �gures

proposal
strategies

continuation
values,vi

dynamic
utilities, Ui

Computed equilibrium



Fixed point approach

I Typically, we de�ne the correspondence from continuation
values to best response continuation values and �nd a �xed
point.

compact
convex v

convex-valued
u.h.c.

VV

I We focus on best response proposals. De�neAi (q; � i ; v) in
the obvious way.



Unique optimal proposals

I The optimization problem of a proposer has the form of a
non-standard maximization problem with mixed constraints.

I For generic preference shocks, the optimal proposal problem
has a unique solution,� i (q; � ; v).

I Then best response continuation values are uniquely de�ned.

compact
convex

V V
v v0

cont.



Compactness

I Noise on the status quo yields di�erentiability of best response
continuation values:

v0
i (x) =

Z

q

Z

�

X

j

pj Ui (� j (q; � ; v); � i ; v)f (� )g(qjx)d� dq:

I Furthermore, continuation values inherit bounds on derivatives
of g. This allows us to restrict the domain and range of the
�xed point mapping to a compact subspaceV of C1 (< d ; < n)
with the topology ofC1 -uniform convergence on compacta.



Key di�culty for continuity

I The proposer's payo� is discontinuous as a function of
proposed alternativey:

proposer's
payo�

=
�

Ui (y; � i ; v) if y 2 A(q; � ; v)
Ui (q; � i ; v) else.

I A picture:

A1(q; � ; v) A2(q; � ; v)

A3(q; � ; v)

q
y



Reformulation

I For generic preference shocks, we can identify a coalitionC�

such that � i (q; � ; v) solves the standard maximization
problem with mixed constraints:

max
y2 X

Ui (y; � i ; v)

s.t. Uj (y; � j ; v) � Uj (q; � j ; v); j 2 C�

h` (y) � 0; ` 2 K in

h` (y) = 0 ; ` 2 K eq



Continuity

I For generic preference shocks, this problem satis�es the linear
independence constraint quali�cation (LICQ) at every
y 2 A(q; � ; v) n f qg.

I In fact, we show that for generic preference shocks, if
� i (q; � ; v) 6= q, then � i (q; � ) satis�es the �rst order
Kuhn-Tucker condition, as well as the second order su�cient
condition with strict complementary slackness.

I Moreover,� i (q; � ; v) is strongly stable. Thus,� i is jointly
continuous in (q; � ; v). This is su�cient for continuity of the
�xed point mapping.



Parsing noise

I Preference shocks
� unique proposals
� standard max problem
� LICQ (etc.)

I Status quo noise
� di�erentiability of v's
� compactV

Comments on proof



Stochastic games literature

I � -equilibrium andp-equilibrium
� Nowak (1985), Himmelberg, Parthasarathy, Raghavan, and

van Vleck (1976)
I Public randomization

� Nowak and Raghavan (1992), Du�e, Geanokoplos, Mas-Colell,
and McLennan (1994)

I Semi-Markov stationary equilibria
� Chakrabarti (1999)

I No general result on existence of stationary Markov perfect
equilibria.



Existence in stochastic games (cont.)

I Furthermore, the literature uses continuity assumptions on
transition probabilities that rule out a deterministic element.

I A schematic for stochastic games:

actions,astate, s state, s0

trans.
prob.

players'
strategies

I If actions determine states precisely, then discontinuities may
be induced by future expectations.

I But if actions determine a nice density over states, expected
payo�s will be continuous.



Legislative bargaining

I Our model violates the standard continuity assumptions of the
stochastic games literature.

I The model has two kinds of states: voting states (okay). . .

proposer,
shock,

status quo
drawn

voting

i0; q0; � 0y or qy; q; �

vote
held

I . . . and proposal states (problematic).

i ; q; �
i proposes

y
up for vote

y; q; �

Comments on proof
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