
Political Science 404

Problem Set 5 Solution

1 We have H0 : µ = 15 and HA : µ 6= 15, where α = .01.

The exact answer gives

t =
13− 15
2.4/

√
17

= −3.44

and the critical value for t16 at α = .01 is 2.92. Since |t| > t16,α/2, we reject the null.

The approximation gives

Z =
13− 15
2.4/

√
17

= −3.44

and the critical value for Z at α = .01 is 2.57. Since |Z| > 2.57, we reject the null.

2 We know the confidence interval for σ2 is given by

[
(N − 1)s2

χ2
N−1,1−α/2

,
(N − 1)s2

χ2
N−1,α/2

].

In this problem s2 = 194, N = 23, and α = .02, so χ2
N−1,α/2 = 9.54 and χ2

N−1,1−α/2 =
40.29. Therefore, the confidence interval is [105.9, 447.4].

3 We have H0 : σ2
X = 1

2σ2
Y and HA : σ2

X 6= 1
2σ2

Y , where α = .1.

Use
s2
x/σ2

x

s2
y/σ2

y

∼ FNx−1, Ny−1

we get 12×2
20 = 1.2, F3,28 = 2.95 at α = .95 and F3,28 = .12 at α = .05. Since

.12 < 1.2 < 2.95, we accept the null.

4a The likelihood function is

L =
N∏

n=1

(1− π)Xn−1π

The log-likelihood function is

l =
N∑

n=1

[(Xn − 1)log(1− π) + logπ]

4b

d

dπ
l =

N∑

n=1

[
−(Xn − 1)

(1− π̂)
+

1
π̂

] = 0

⇒ π̂ =
1
X̄
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4c The theoretical moment is

P (Xn ≤ 2) = (1− π)1−1π + (1− π)2−1π = −π2 + 2π = 1− (1− π)2,

and the empirical moment is 1
N

∑N
n=1 1{Xn ≤ 2}.

Let 1
N

∑N
n=1 1{Xn ≤ 2} = 1− (1− π̂)2, we get π̂ = 1−

√
1− 1

N

∑N
n=1 1{Xn ≤ 2}.

5a The log-likelihood function is

l =
N∑

n=1

[−logσ − logXn

√
2π − 1

2
(logXn − µ)2/σ2].

so
d

dµ
l =

N∑

n=1

[(logXn − µ̂)/σ̂2] = 0

⇒ µ̂ =
1
N

N∑

n=1

logXn

and
d

dσ
l =

N∑

n=1

[− 1
σ̂

+ (logXn − µ̂)2/σ̂3] = 0

⇒ σ̂ =

√√√√ 1
N

N∑

n=1

(logXn − µ̂)2

5b We have
X̄ = eµ̂+σ̂2/2 and

N − 1
N

s2 = (eσ̂2 − 1)e2µ̂+σ̂2
,

so we can solve these two equations and get

µ̂ = logX̄ − 1
2
log(1 +

N−1
N s2

X̄2
) and σ̄2 = log(1 +

N−1
N s2

X̄2
).

6a The likelihood function is

L =
N∏

n=1

e−eβT xn (eβT xn)yn

yn!

and the log-likelihood function is

l =
N∑

n=1

[−eβT xn + yn(βT xn)− logyn!]

6b

d

dβ
l =

N∑

n=1

xn[−eβ̂T xn + yn] = 0

6c Since E[yn] = eβT
0 xn , we have

E[xn[−eβ̂T xn + yn]] = E[xnEx[−eβ̂T xn + yn|xn]] = E[xn × 0] = 0.
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Also, we want to show E[xn[eβT
0 xn − eβT xn ]] 6= 0 for β 6= β0. Let

∫
x[eβT x − eβT

0 x]fx(x)dx = 0.

Using Taylor expansion

eβT x = eβT
0 x + xT eβ̄(x)T x(β − β0),

the above becomes
∫

xxT eβ̄(x)T xfx(x)dx(β − β0) = 0.

Since
∫

xxT eβ̄(x)T xfx(x)dx 6= 0, we must have (β − β0) = 0, which implies β = β0.

7a First, since

β̂ = [
1
N

N∑

n=1

xnxT
n ]−1[

1
N

N∑

n=1

xnyn]

= [
1
N

N∑

n=1

xnxT
n ]−1[

1
N

N∑

n=1

xn(βT
0 xn + εn)]

= [
1
N

N∑

n=1

xnxT
n ]−1[

1
N

N∑

n=1

xnxT
nβ0]

+[
1
N

N∑

n=1

xnxT
n ]−1[

1
N

N∑

n=1

xnεn]

= β0 + [
1
N

N∑

n=1

xnxT
n ]−1[

1
N

N∑

n=1

xnεn],

we get

√
N(β̂ − β0) = [

1
N

N∑

n=1

xnxT
n ]−1[

1√
N

N∑

n=1

xnεn].

Next,

E[
1√
N

N∑

n=1

xnεn] =
1√
N

N∑

n=1

E[xnεn] =
1√
N

N∑

n=1

E[xnEx[εn|xn]] = 0

because E[εn|xn] = 0, and

V ar[
1√
N

N∑

n=1

xnεn] =
1
N

N∑

n=1

V ar[xnεn] = Vxε.

Also, by the law of large numbers, 1
N

∑N
n=1 xnxT

n → E[xnxT
n ] = Qxx.
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Put everything together, we have the following based on a central limit theorem

[ 1√
N

∑N
n=1 xnεn − 0]

Vxε
→ N(0, 1)

or [
1√
N

N∑

n=1

xnεn − 0] → N(0, Vxε)

⇒
√

N(β̂ − β0) → N(0, Q−1
xx VxεQ

−1
xx ),

where in the last step Slutsky’s theorem is applied.

7b OLS is a semi-parametric estimator.
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